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CONTINUITY OF TOPOLOGICAL ENTROPY 
FOR PERTURBATION OF TIME-ONE MAPS OF 
HYPERBOLIC FLOWS 

RADU SAGHIN AND JIAGANG YANG 


Abstract. We consider a neighborhood of the time-one map of a hyper¬ 
bolic flow and prove that the topological entropy varies continuously for dif- 
feomorphisms in this neighborhood. This shows that the topological entropy 
varies continuously for all known examples of partially hyperbolic diffeomor- 
phisms with one-dimensional center bundle. 


1. Introduction 

In this paper we are addressing the problem of continuity of the topological 
entropy on the set of partially hyperbolic diffeomorphisms with the dimension of 
the center equal to one, and in particular for perturbations of time-one maps of 
hyperbolic flows. The main theorem which we obtain is the following. 

Theorem A. Let (jit he a Anosov flow on a compact Riemannian manifold M. 
There exists a neighborhood U of (pi, in the set of diffeomorphisms of M, 
such that the topological entropy varies continuously in lA. 

The topological entropy, together with the metric entropy, is an important in¬ 
variant of a dynamical system (see the definition in the following section), which 
describes the complexity of the orbits. The dependence of the topological entropy 
on the map was extensively studied by various mathematicians (Newhouse, Yomdin, 
Katok, etc.). There are several important factors which contribute to this depen¬ 
dence, namely the manifold, and the space of maps which is considered. 

Let us remark that in the space of continuous maps, generically the topological 
entropy is infinity ([IH])) so it make sense to study the problem of continuity at 
least in the topology. 

The upper semicontinuity of the topological entropy seems to depend on the 
regularity of the maps and on the existence of homoclinic tangencies. By Yomdin 
[29] (see also |5]), the topological entropy is upper semicontinuous in the space 
of diffeomorphisms. And by Misiurewicz [20], the topological entropy is not 
upper semicontinuous in the C’’ topology, for any r < oo. The examples where 
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the upper semicontinuity fails are diffeomorphisms with homoclinic tangencies; an 
arbitrary C"' small perturbation can create a horseshoe at the homoclinic orbit, 
such that the topological entropy increases (proportionally with i). We note that, 
by the result of Liao, Viana and Yang the topological entropy is in fact upper 
semicontinuous on the space of diffeomorphisms away from tangencies. 

The lower continuity of the topological entropy seems to depend on the existence 
of horseshoes or other types of invariant sets which are robust and “carry” the en¬ 
tropy (for example uniformly hyperbolic sets), and in many cases this depends on 
the dimension of the manifold M. In dimension one, the topological entropy is 
lower semicontinuous on the space of maps and locally constant (zero) on the 
space of homeomorphisms, while in dimension two it is lower semicontinuous on the 
space of diffeomorphisms, by a result of Katok ([H]). The reason for these 
results is that in lower dimensions the topological entropy is due to the existence 
of horseshoes, and these horseshoes are persistent after small perturbations. In 
dimension greater or equal to three one can easily construct examples of C°° dif¬ 
feomorphisms where the lower semicontinuity of the topological entropy fails, using 
partially hyperbolic invariant sets with positive entropy that can disappear after 
an arbitrarily small perturbation. 

Of course, the classical example of diffeomorphisms which are both away from 
tangencies and have persistent horseshoes are the uniformly hyperbolic maps, in this 
case the topological entropy is not only continuous, it is locally constant in the 
topology due to the structural stability. The partially hyperbolic diffeomorphisms, 
as a generalization of uniformly hyperbolic maps, were proposed by Brin, Pesin [3] 
and by Pugh, Shub [53] independently in the early 1970’s. A diffeomorphism / 
is partially hyperbolic^ if there exists a decomposition TM = A* © of 

the tangent bundle TM into three continuous sub-bundles x ^ E^, x E'^ and 
X I—>■ E^ such that 

• all three sub-bundles E’^ ,E'^ and are invariant under the derivative Df\ 

• Df I A® is a uniform contraction, Df \ i?“ is a uniform expansion and 
Df I lies in between them: there exists p <\ such that 


\\Df{x)v<^\\ - 


and 


\\Dfix)v‘^\\ 

\\Df{x)v'^\\ 


for any unit vectors G E^, v'^ € and G and any x G M. 

Partially hyperbolic diffeomorphism form an open subset of the space of C” diffeo¬ 
morphisms of M, for any r > 1. 

A natural question to ask is how is the dependence of the topological entropy on 
the space of partially hyperbolic diffeomorphisms with the dimension of the center 
equal to one or two, since the topological entropy is constant zero for homeomor¬ 
phisms in dimension one and continuous for (7°“ diffeomorphisms in dimension two. 
An example of a C°° partially hyperbolic diffeomorphisms with 2-D center where 
the topological entropy is not lower semicontinuous can be found in [14] (an invari¬ 
ant set with high entropy can disappear after an arbitrarily small perturbation). 
Thus, we will focus on the partially hyperbolic diffeomorphisms with one dimen¬ 
sional center, and a natural conjecture formulated in this setting is the following. 


Conjecture I. The topological entropy is continuous on the space of partially 
hyperbolic diffeomorphisms with the dimension of the center equal to one. 
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An easier version would be to restrict the attention to the space of three di¬ 
mensional manifolds, where the stable, center, and unstable bundle of a partially 
hyperbolic diffeomorphism are automatically one dimensional. 


Conjecture 2. The topological entropy depends continuously in the space of 3 di¬ 
mensional partially hyperbolic diffeomorphisms. 

We remark that these conjectures are known to be true for all the known ex¬ 
amples of partially hyperbolic diffeomorphisms with one dimensional center or in 
dimension three. A list with the known partially hyperbolic diffeomorphisms with 
one dimensional center is the following: 

(1) uniformly hyperbolic diffeomorphisms 

(2) skew products over uniformly hyperbolic, with the fiber being a circle, and 
perturbations ([uniiiiiin]) 

(3) derived from Anosov diffeomorphisms f [l8l fTOl [23] 1 

(4) non-dynamically coherent examples of Hertz-Hertz-Ures [26] , 

(5) time-one maps of Anosov flows and perturbations 

(6) new examples by Bonatti-Parwani-Potrie [I] 

In the first 4 examples, the topological entropy is locally constant. In the cases 
(5) and (6), the topological entropy is not locally constant. In fact, in case (5), let Xt 
be a Anosov flow, and considering the smooth family of time-t diffeomorphisms 
ft = Xt, we observe that h{ft) = th{X) is not constant. The diffeomorphism in 
case (6) has a unique attracting set and a unique expanding set, and restricted to 
the attracting set (resp. expanding set) the dynamic is that of (a perturbation of) 
the time-one map of a hyperbolic flow restricted to an attractor (resp. repeller), 
hence the discussion is similar to the case (5) from above for time-one maps of 
Anosov flows. More details on case (6) will be given in Appendix. The continuity 
of the topological entropy at the time-one map of a transitive Anosov flow was 
proven by Hua in her thesis [13] . and for some specific perturbations by Hu-Zhu 
[12] : however, they only show the continuity at one point (the time-one map of the 
flow), and not for a neighborhood. The result of our paper deals with the case of 
perturbations of the time-one maps of Anosov flows, and similar arguments can be 
used also in the case of Bonatti-Parwani-Potrie examples, which will be explained 
in Appendix, thus completing all the known cases mentioned above. 

Our proof of the lower semicontinuity of topological entropy is different from 
the method used in most other papers, namely the construction of horseshoes, 
because in our case they may not exist. The main idea of our paper (and the 
most difficult part) is to show that the unstable foliation has uniform expansion on 
every unstable disk. Under these conditions of uniformity one can show that this 
expansion cannot drop much after small perturbations, and the connection with the 
topological entropy will then help us get the final conclusion. In this last argument 
the fact that the center bundle has dimension one is essential. 

The paper is organized as follows. In Section 2 we introduce the definitions and 
various preliminary results, while in Section 3 we give the proof of Theorem]^ In 
the Appendix we include a discussion on the other known examples of partially 
hyperbolic diffeomorphisms with the dimension of the center equal to one. 
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2. Definitions and Preliminary results 

2.1. Time-one maps of Anosov flows and perturbations. We start by intro¬ 
ducing the notion of hyperbolic flow and the spectral decomposition. 

Definition 2.1. A flow on the compact Riemannian manifold M is Anosov 
(or uniformly hyperbolic) if there exists a splitting of the tangent bundle TM = 
® E'^ which is invariant under the flow, E‘^ is the direction of the flow, and 
there exist C, A > 0 such that 

\\D(j)t{x)v‘‘\\ < Cexp~^^ Va: G M, t > 0, u® G E^-, 

\\Dcl)t{x)v'^\\ > exp^‘ ||u“||, Va: G M, t > 0, G E)^. 

The map fit : M ^ M is the time-t map of the flow fi. 

We remark that the time-t map of an Anosov flow is a partially hyperbolic 
diffeomorphism, meaning that the tangent bundle has an invariant splitting TM = 
i?® © © i?“ (in this case the same one of the Anosov flow), and Dfit is uniformly 

contracting on i?®, uniformly expanding on E'^, and the contraction (expansion) on 
E^ is strictly smaller than the one on E^ (£!“)■ 

The invariant bundles E"^, E^^, E‘^, E"^ © E‘^ and E"^ © E‘^ integrate to unique 
foliations W®, W“, and 

Theorem 2.2. (Spectral Decomposition for Flows) If fi is an Anosov flow on 
the compact manifold M, then there exists a decomposition of the non-wandering 
set of fi, NW{fii) = Ai U A 2 U ■ • ■ U A^, where the sets Ai are mutually disjoint, and 
each Ai is a transitive compact invariant set for fi, such that Ai = W°®(a;)nlT™(a;), 
Vx € Ai. 

Throughout the paper, we hx the Anosov flow fi which satisfies the above theo¬ 
rem. We turn our attention now to perturbations of the time-one map of an Anosov 
flow. A partially hyperbolic diffeomorphism is dynamically coherent if the center- 
stable, central and center-unstable bundles integrate to invariant foliations W^®, 
and respectively, the center-stable foliation is sub-foliated by the center 
and the stable foliations, and the center-unstable foliation is sub-foliated by center 
and unstable foliations. 

Since the center foliation is smooth for fii, which is plaque expansive, hence, by 
Theorem 7.1 of Hirsch, Pugh and Shub (see [H]), there exists a neighborhood 
of fii, such that every diffeomorphism in this neighborhood is partially hyperbolic 
with one dimensional center, and is dynamically coherent. 

Proposition 2.3. /|llj iT'/ieorem 7.1// 

There exists a neighborhood lA of fii in the space of diffeomorphisms, such 
that for each f £ lA, there is a homeomorphism hf : M ^ M, which is a leaf 
conjugacy, meaning that hf{W'^{x,fii)) = Wf(hf(x),f), and with hf close to Id in 
the (7° topology, where WJ denotes the * foliation of f (* = s,u,c,cs,cu). 

It is easy to see that the product structure of each basic set is preserved by the 
leaf conjugacy: the center stable leaves and center unstable leaves are mapped to 
the corresponding cente stable leaves and center unstable leaves. 

Corollary 2.4. For any f £ lA and any 1 < i < k, hf{Ai) has local product 
structure, meaning that there exists fio > 0 such that ifx,y £ hf{Ai), d(x,y) < fi < 
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/3o, then W^pix,/) fl /) and W^pix,/) fl W^piy^f) consist both of exactly 

one point which belongs to hf{Ai). 

By the leaf conjugation, f €U preserves each center leaf. For the flow </>, denote 
by I{x) the flow segment ((/'t(a;))te[o,i]■ Then by the continuity, for each f € U, 
f{x) is close to (fiix), and the segment If{x) C W^{x,f) between x and f{x) is 
close to I{x) in the Hausdorff topology. Moreover, W‘^(x,f) = Uif^{If{x)) and 
the length of If{x) is bounded uniformly from above and below by some positive 
numbers Ki and K 2 , which are independent of x. 

Let d* be the distance between two points measured along W*, and let Wf {x, /) 
denote the ball of radius r centered at x in the ^-manifold of x with respect to /, 
where * € {s, c, u}. 

As a consequence of the above discussion, one can easily show that 

Lemma 2.5. / is not expanding on the center leaves, meaning that there exist 
Ki,K 2 > 0 such that if y € W'^{x,f), with dc(x,y) < IKi for some I > 0, then 

dcirix),riy))<lK2, Vn>0. 

The same is true for f~^. 

The following are various properties of the perturbations of the time-one map of 
an Anosov flow. 

Proposition 2.6. The non-wandering set of f G 14 is contained in U^^ihf{Ai). 
Each set hf{Ai) is saturated by center leaves and invariant under f. 

Proof. We only need to check that the non-wandering set of / is contained in 
Ui^ihf{Ai), the rest is an easy corollary of Proposition 12.31 

Fix X ^ it suffices to show that hf{x) does not belong to the non¬ 

wandering set of /. Because x is wandering, there is a neighborhood U such that 
for each y G U, its flow orbit intersects U with a unique connected component. 
This property is preserved clearly by the leaf conjugacy, that is, for every hf{y) G 
hf{U), Wf{hf{y)) intersects hf{U) with a unique connected component with a 
small length. Then by Lemma 1^751 f{hf{y)) ^ hf{U). This implies that hf{x) is a 
wandering point of /. 

□ 

Proposition 2.7. The center holonomy between stable and unstable leaves along 
center-stable and respectively center-unstable leaves is globally defined, for every 
f G U: ify G bF°(x, /), then there exist the continuous holonomies h° : W^(x, f) —>■ 
W^{y, f) and : W'^{x, f) -G W'^{y, f) (we will use the notation h‘^ if no confusion 
can be made). 

Proof. First observe that restricted to any center unstable leaf, locally the center 
holonomy map is uniformly continuous: 

Lemma 2.8. For any K > 0, there exist ck such that if f gU, y G Wf^{x, f), then 
the center holonomy map h'^ is well defined from (x, f) to W*{y, f), * G {s, u}. 
Moreover, for any 0 < e < ck, there are ci(e, K), C 2 (e, K) > 0 such that: 

C h^iWfixJ) C 

Furthermore lirng^o ci(e, K) = lime_,.o C 2 (e, K) = 0. 
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Proof. The holonomy is clearly continuous, and by compactness it is uniformly 
continuous. 

□ 


Now let us continue the proof. 

Let f GU, and x,y G M, with y G W‘^(x, /). For any TV > 0, we will construct 
the center holonomy map from W^(x, f) to /). 

We consider /“" for n very large, then on one hand, the size of f~^{W]f{x, /)) 
is very small, and on the other hand d‘^(/“”(a;), f~'^{y)) is bounded uniformly from 
above by a number K, by Lemma [2.5l By (uniform) continuity of the center foliation 
of Lemma [27^ we can construct the center-holonomy map from (/“"(a:), /) 
to bF“(/“"'(2/),/), where ek is small enough (depending on K but not on n). 
Taking n large enough, we have that f~'^{W}f{x, /)) C (/“"’(x), /). Then push 
forward by /", and we obtain the holonomy map TiJ) = ° f~^ from W}!^{x, f) 

to fF“(y, /). Note that by the invariance of the center foliation, h^_i = foh‘^of~^. 
We complete the proof by letting N —>• oo. The case of the center holonomy between 
stable leaves is similar. 

We remark that the center holonomy map : W'^{x,f) —>• W^{y,f) satis¬ 
fies that the distance dc{z, hf^{z)) is uniformly bounded from above by a constant 
depending only on dc(x, y). This is because for n large enough, 

4(/-”(^), K{f-{z))) « 4(/-”(x), /-”(y)) 
is bounded uniformly from above, then by Lemma 12.51 dc{z,h‘^{z)) is bounded 
uniformly from above. 

□ 

The following proposition shows that in every center unstable leaf, the center 
foliation and the unstable foliation hold some kind of global product structure. 

Proposition 2.9. fW=“(a;, /) = f) = f) for any 

X G M and f GlA. 

Proof. We need a property on the unstable holonomy in each center unstable leaf, 
which is similar to Proposition 12.71 hence we only give a sketch of its proof. 

Lemma 2.10. If y G kF“( X, f), then there exist the continuous holonomies hf : 
W%x,f)^W%y,f). 

Proof. For n ^ oo, f~'^{y) —S' /“"(x). Hence, there is —>■ oo, such that /i“ is 

the unstable holonomy map from Wjf^{f~^{x),f) to kF°(/“"( 2 /),/). Define = 
/"■ o o /“"■ the unstable holonomy map from /"(fF)(-^ (/“"(a;), /)) to /). 

By Lemma E31 there exist K'.^ —>• oo such that W’^, {x, f) C f"(W^^(f~'^(x),f)). 
Hence, /i“ is well defined. □ 

Now let us continue the proof. We first prove that 

W^-(x,f) = UyewH^j)W^(y,f). 

It is clear that Uy^iY'^(x,f)^‘^(l/! f) C W^^(x,f). Suppose by contradiction that 
^y^w^ixj)W‘'iy,f) c lV‘=“(a;,/), take z e dUy(,w-‘{xj) by the local 

product structure of and VF“ in the center unstable leaf, it is easy to conclude 
that W°{z) C dUy(zw^(^xj) W^{y,f) and z ^ Uy(zw^(^xj)W°{y, f)- Take z' G 
Uygvv“(a;./)fL°(?/, /) close to z, then IF“(z , f)nW^{z, f) ^ 0. Note that W^(z , /)n 
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W'^{x,f) ^ 0. Hence, by the global holonomy of Proposition 12.71 W‘^{z,f) fl 
W^{x,f ) ^ 0, which contradicts the fact that z ^ Uy^w'^(xj)W’^{y, f ). 

The proof of VP™(a;,/) = ^y£W‘^{x,f)W^{y, f ) is similar as above, replacing 
Proposition 12 . 71 be Lemma [2.101 

The proof of Proposition 12.91 is complete. □ 

The following proposition is a generalization of a result in Plante [12]: for every 
Anosov transtive flow, if the strong unstable manifold of a periodic point is not 
dense, then this Anosov flow is a suspension flow with constant roof function. 

Proposition 2.11. For any f G Li there exists Kq > 0 such that for any x £ 
hf{Ai), we have that f), f) is dense in hf[Ki). 

Proof. By Proposition l2.91 for any x £ hf{Ai), 

Because A^ is a basic component of the Anosov flow (f, ^(x), (f) is dense in 

Ai. Then by the center conjugation of Proposition [121 W‘^^(x, f) is dense in hf{Ai) 
and 

{r/,L(x) = Uz,!zwi{Wl{xJ)J)Wf{z,f)}Lefi 
is an open covering of the hf{Ai). Because hf{Ai) is compact, we can take L{x) 
such that hf[Ai) C P f^L(x){x). 

By the continuity of invariant foliations, for any f & U, and for any x £ 
hf{Ai), there exists a small neighborhood Bx of x such that for any z G Bx, 
hf{Ai) C T f_i^(^x){z). Take an open covering Bx^, ■ ■ ■, Bx^ of hf{Ai) and let L = 
max{L(xi),... ,L(xk)}. By the above construction, for any x £ hf(Ai), we always 
have hf{Ai) c P/,l(x). 

For any x £ hf{Ai), we have that hf{Ai) C P/,l(/“"(x)), and by the invariance 
of hf{Ai) we get hf{Ai) C /"(P/,l(/“"(x)). Because the center is not expanding, 
there exists a constant Kq > 0 depending only on L and U (not on n) such that 

By the uniform contraction of the strong stable foliation, (lP“(x, /), /) is dense 
in hf{Ai). The proof is complete 

□ 

We remark that it is easy to show that Kq from above can be chosen such that 
the result of the Proposition EtT] is true for any 1 < z < fc and for any g in a small 
neighborhood of /. 

2.2. Topological entropy. In this subsection we will discuss about the topological 
entropy. 

Definition 2.12. Let M be a compact metric space, and f : M ^ M a homeomor- 
phism. For K G M a subset not necessary invariant, the topological entropy of f on 
K is defined as follows. Let dn{x,y) = max'Tg^ d(/*(x),/*(!/)). Let a{f,n,5,K) be 
the maximal cardinality of d-separated set of K in the metric dn, and let b{f, n, <5, K) 
be the minimal cardinality of a (5-spanning set of K in the same metric dn- Then 

a(/,(5, K) = lim sup-log a(/,n,d, K), 

n—¥oo ^ 






RADU SAGHIN AND JIAGANG YANG 


Hf, = limsup-log6(/,n,(5,X), 

n—¥oo ^ 

and the topological entropy of / on if is 

Hf, K) = lim a{f, 6, K) = lim b{f, 6, K). 

( 5^0 ( 5^0 

The topological entropy of / is h{f) = h{f,M). 

Remark 2.13. With the same hypothesis as above, suppose M = is a 

measurable partition of M, then 

h{f) = sup h{f,M,). 

i 

In the case of partially hyperbolic diffeomorphisms with one-dimensional cen¬ 
ter, and with non-expanding center, the entropy can be calculated using only the 
unstable manifolds. 

Definition 2.14. Let / be a dynamically coherent partially hyperbolic diffeomor- 
phism on M, then for any x G M, we define 

A{x, S) = {yeM:3x^G W^{x, /), x, e W^^x, /), y = f) n Wfi.fix,, /)}, 

and 

D{x,5) = Ay^A(x,5)WI{yJ). 

Proposition 2.15. Let f be a dynamically coherent partially hyperbolic diffeomor- 
phism on the compact manifold M, with one dimensional center, and A an invariant 
set of f with local product structure. Suppose that there exist ifi,if 2 > 0 such that 
if y & then f^{y) S Wf^^{f"^{x)), Vn G N. Then there is Sq > 0 such that 

for any S < Sq, h{f, D{x, d) fl A) = h(f, W^{x) fl A). 

Proof. We first prove that h{f, W^{x, /) n A) = h{f, A(x, 6) fl A). 

One inequality is obvious, since W^{x, /) O A C A{x, d) 0 A. 

By the uniform transversity between the two bundles and £1“, for any (5 < (5o 
sufficiently small, in the definition of A{x,S) above, y = Wf{xu,f) O Wg{xc,f). 
We can choose dp < Ki. Note that Lemma [2.81 is still true in this case, let c(e) = 
C 2 (e,Ari) be the constant given there. 

Let S{n, e) be an (n, e)-spanning set of Wg{x)C\A of minimal cardinality. For any 
y G S{n,e), let T(y, n, e) be a (n, c(e))-spanning set of (y) O A{x, 5) of minimal 
cardinality. We claim that the cardinality of T{y, n, e) is bounded by 

Proof. This is because the center manifold is one dimensional, and by hypothesis, 
/"-(W^^(y,/)) C Wf^/"■(y),/). For each 0 < i < n, we can take r(/*(y),0,e) 
a (0, c(e))-spanning set of (/®(y),/) with cardinality bounded by Then 

ur=o/~*(’^(/*(2/): 0) e)) forms the (n, c(e))-spanning set we need. 

□ 

Let r(n, e) = Uygs(„,e)'r(y, n, e). Then |r(n, e)| < ^^\S{n,e)\ and one can 
easily show that T{n, e) is (n, 2c(e))-spanning for A{x, d) n A (because of the local 
product structure of A). 

So b{f,n,2c{e),A{x,5) H A) < b{f, n, e, Wg{x) fl A), and taking the loga¬ 
rithm, dividing by n, and taking the limit for n —> oo, we get that 

b{f, 2c{e),A{x, <5) n A) < b{f, e, W,“(x) n A). 
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Now taking e —>• 0 and using that fact that hme_j.o c(e) = 0 we get that h{f, A{x, 5)n 
A)<h{f,WsHx)nA). 

The proof that h{f, D{x, (5) fl A) = h{f, A{x, S) n A) is similar (in fact it is easier, 
one uses the uniform contraction of the stable foliation). □ 

3. Proof of Theorem El 

In this section we will give the proof of Theorem El We fix / G W. First we need 
to improve Lemma 12.81 

Lemma 3 . 1 . Given K > 0, there exist ck, Jk > 0 and a neighborhood Uf eiU of 
f such that if g &Uf and y G (x,g)B{z,^K), then the center-stable holonomy 

is well-defined between Wf^{x,g) and W^{y,g), and for any e < ck, there exist 
Ci{e,K),C 2 {e,K) > 0 such that 

C h^^{Wfix,g)) C 

Proof. By Lemma [2.81 the center holonomy is well defined for / and Wf^{x); one 
can extend this holonomy to a neighborhood of / and a neighborhood of Wf^{x) 
using the continuity of the center-stable holonomy (and the compactness of M). 
The bound ci(e, AT) and C 2 (e, AT) come directly from the compactness. □ 

Now we start the proof of the main Theorem. The proof is based on the uniform 
rate of expansion of unstable disks around the invariant sets hf(Ai). Because 
the non-wandering set of / is inside U^^ihf{Ai), by variation principle, h{f) = 
h{f, U^^^hf{Ai)). We can assume without loss of generality that the entropy of / is 
Hf) = /i(/U, (Ai))- Denote hf (Ai) = Af. The following is the main lemma which 
we will use. 

Lemma 3 . 2 . Let f, Af be as above, and let e > 0. There exist 5 > 0 and N{e) >0 
such that for any x G Af, f^^^\Wg{x,f)) contains at feast exp^('^^(^D)-3e) digjgijif 
sets of the form W^^(i/i, /), with yi £ Af. 

Let us provide the idea of the proof first. The entropy of / is realized on some 
W^{xo,f) for some 5 small and xq G Af. For any x € Af, there exists an m 
(independent of x) such that f'^^{Wg{x,f)) contains a disk which is the image of 
cs-holonomy of {xq , /) (the holonomy has the distance at most Kq in the center 
direction and very small in the stable direction). Then a (n,p)-separated set in 
W^{xo, f) can be translated to a (n -|- ni, ci(p, ATo))-separated set in W'^{x, f) for 
some ATo > 0. By iterating n 2 more times, we obtain an (n + ni -l-n 2 , 2(5)-separated 
set. Taking p arbitrarily small and n arbitrarily large, and using the fact that the 
entropy of / is attained on W^{xo, /), we will obtain the result. 

Proof. Let us recall that Kq is given in Proposition 12.111 By Lemma [2.51 there is 
Kq such that for any x £ M and n £ Z, f'^{Wf(^{x, /)) C ILT (/”(x), /). We may 

choose Kq > Kq. Taking K = Kq in Lemma [3T] there exist cq = and 7 o = 7 i^p- 
We claim that there is A > 0 such that for any x £ Af, Wf(^{W]^{x, f), f) is 70 
dense in A/. 

Proof. For each point x G Af, by Proposition 12.111 there is A^, > 0 such that 
f) Ao dense in Af. In fact, there is a open neighborhood 
such that for any y £ B,,, kF^o(kF^(,j)(a:,/),/) is 70 dense in Af. Then 
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is an open cover. Take a finite subcover {Bx^} and let L = max{L(a;i)}. The proof 
is complete. 

□ 

Take <5 = min{eo,(5o} where So is given by Proposition 12.151 Because A/ is 
compact, it can be covered by finitely many sets D{xi,5) with Xi G A/. Take 
a finite partition of Ay = such that each component of this partition is 

contained in one of the above open set D{xj,S). By Remark 12.131 there is 1 < i < Z 
such that h{f) = h{f,Pi). Suppose that Pi is contained in D{xo,S), then h{f) = 
h{f, D{xo, 6)) for some xq € A/. Then by Proposition l2.15l h{f) = h{f, W^(xo, /)). 

There is ni such that for any x G A/, P^iW^ixJ)) D /)■ 

By the claim above, W^^{f^^{Wg{x, f))) is 70 dense in A/. By Lemma l3Tl there 
is a center stable holonomy map between Wg{xo,f) and ^^ 2(5 Ko)(^’ f) 
r^(Ws^(xj)). 

Choose 0 < p < S such that 

a{f, p, W^{xo, /)) > h{f, W^ixoJ)) - e = h{f) - e. 

Take n 2 such that for any y G A/, /”"(l^“(p/ 2 .Ao)( 2 Z, /)) 3 f) where 

Ci{pf2, Kq) is given by Lemma IXTI There exists large enough so 

rie ^ Hf) - 3e 
ni + rie + 712 /i(/) —2e’ 

and such that we have a{f,ne,p,Wg{xo,f)) > exp”A^(/)- 2 e)^ N{e,6) = ni + 

Ue + 712 . 

Let S' be a maximal {rie, p)-separated set in Wg{xo,f)- Then 
|S| = a{f,ne,po,W^^{xoJ)) > exp”A'‘(/)-2e)^ 

and by the choice of Tie we get |S| > exp^('^’'^A'»(/)-3e)^ 

Because is expanding, this means that Va, 6 € S, (a),/"'(6)) > p. 

ThenW;^,{r{a),f)nW^/^{r{b),f) = 0. Denote by a' = h^ia) G n{W^{x,f)), 
then there is a piecewise smooth curve Z(a) = P{a) UP {a) connecting a and a such 
that P{a) C {a , /) and P{a) C (a, /). This implies that /”' (a) and (a ) 
is connected by/”'(Z(a)) = /”'(Z°(a))U/”'(Z'*(a)), where /”'(Z'=(a)) C (/"'(«)) 

by Lemma [231 and /"'(Z®(a)) C W'®g(/”'(a )) by the uniformly contraction along 
the strong stable bundle. Hence, by Lemma [3Tl there is a holonomy map ^/ne(a) = 

° ° /■”' from («), /) to ir^ (a), /), such that 

Then, there is a family of distinct unstable disks )(/”'(“ ))/)}aeS, 

which are contained in (W^(a;,/)). By the choice of n 2 and definition of 

f )) contains exp^frA'»(/)-3e) (disjoint sets 

And by the product structure of A/, /"'+" 2 (a ) G Af. The proof is complete. 

□ 


Using the continuity of the foliations we get the following corollary. 
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Corollary 3.3. Let f, A/ be as above, and let e,6 > 0, and N{e,S) given by 
the previous lemma. There exists a neighborhood Uf(e) G U of f such that for 
any g G h(f{e), and for any x G Kg (corresponding to Kf), then g) 

contains at least disjoint sets of the form W^{yi,g), with yi G Kg. 

Now we can finish the proof of the main theorem. By induction we can show 
that for any g G Uf{e), any x G Kg, and any I > 0, then g^^^^'^\W^{x,g) contains 
at least disjoint sets of the form Wg{yi,g) for yi G Kg. But this 

gives rise to a {lN{e, 5), (i)-separated set of W^{x, g) of cardinality greater or equal 
to so> a{g,5,W'^{x,g)) > /i(/)— 3e, which shows the lower 

semicontinuity of the entropy function h. 

The upper semicontinuity for partially hyperbolic diffeomorphisms with one¬ 
dimensional center bundle is proved in m- We complete the proof of the Theorem 

El 


4. Appendix: other partially hyperbolic diffeomorphisms 

Here we show that the topological entropy depends continuously in the case of 
the other known partially hyperbolic diffeomorphisms with one dimensional center 
mentioned in Introduction. 

(1) On the uniformly hyperbolic diffeomorphisms case, this diffeomorphism is 
structure stable, i.e., it is conjugate to nearby diffeomorphisms. Hence, the 
topological entropy is locally constant. 

(2) If / is a skew products over (topologically) uniformly hyperbolic base, as 
an immediate corollary of Ledrappier-Walters variational principle m. the 
topological entropy of / and nearby diffeomorphisms coincide to the topo¬ 
logical entropy on the base, which is topologically uniformly hyperbolic 
homeomorphisms, and the topological entropy is locally constant. For a 
more complete discussion see [5S]. 

Let us note that, by the work of Parwani, Hammerlindl and Potrie i \21\ 
m HQ]), this case contains all partially hyperbolic diffeomorphisms on 3 
dimension Nilmanifold where the manifold is different to T^. 

(3) A 3 dimensional partially hyperoblic diffeomorphism over is called de¬ 
rived Anosov if it is in the same isotopy class with a linear Anosov dif¬ 
feomorphism. The first derived Anosov example was given by Mane |18j 
to construct the example of diffeomorphisms which are transtive but not 
hyperoblic. In the Mane’s example, the diffeomorphisms are close to 
the linear Anosov diffeomorphism. Recent study on general derived Anosov 
diffeomorphisms can be found in [SjiHiiiiiiniii]- 

The topological entropy of a 3 dimensional derived from Anosov diffeo¬ 
morphism has the same topological entropy as the linear Anosov diffeomor¬ 
phism. For the original Mane’s example [18], this fact was proved by [6]. 
For general derived Anosov diffeorphisms, this was observed by Ures in [27] 
(for a generalization to higher dimension see [?])■ 

(4) The non-dynamically coherent 3 dimensional examples of Hertz-Hertz-Ures 
[26] is in fact an Axiom A diffeomorphism with a torus attractor and a torus 
repeller. By the H stability theorem, its non-wandering set is conjugate to 
the non-wandering set of nearby diffeomorphisms. This implies that the 
topological entropy is locally constant. 
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(6) Let US observe that the new 3 dimensional examples by Bonatti-Parwani- 
Potrie are perturbations of a partially hyperbolic diffeomorphism /o where 
/o has a unique attractor A and a unique repeller i?, and /{aur is the time- 
one map of a hyperbolic flow Xt restricted to basic pieces ([1] [Theorem 1.1]). 
It is shown that /o is dynamically coherent and the center foliaiton is plaque 
expansive (definition see my Hence, by m. there is a neighborhood 
14 of /o such that every diffeomorphism f £ 14 is, dynamically coherent. 
Moreover, the center foliation of / is structural stable, there is a homeo- 
morphism hf such that for any x G M, hf{W°{x, fo)) = W‘^{hf{x), f) and 
dco{h, Id) is close to zero. 

Denote hy Af = hf{A) and Rf = hf{R), both Af and Rf are compact 
invariant and center saturated subset of /. Because A (resp. R) is an 
attractor (resp. repeller) for hyperbolic flow Xt, it is cu (resp. cs) saturated, 
which means, contain entire center unstable (resp. center stable) leaves of 
the corresponding diffeomorphism. Then by the leaf conjugacy, Af and Rf 
are cu and cs saturated respectively. 

Lemma 4.1. For any f G 14, the non-wandering set of f is contained in 
Af U Rf. 

Proof. Here we only sketch the proof. Take a small neighborhood U of A, 
by continuiation, for 14 sufficiently small, Af C U. It suffices to show that 
for every x GU \Af, there is n(x) such that /“”(®)(x) ^ U. 

Note that Af is IP™ saturated, take e > 0 such that U C Uy^AfWf{y, /). 
For z G U, define function 

kiz)= min {d,iy,z)}. 

yGAfr\W‘'{zJ) 

Then for any z G U \ Af, 0 < k{z) < e. There is 0 < A < 1 such that 
llDflE^y) II < A for any y GU, then if f~^{x) G U, we have k{f~^{x)) > j. 
And by induction, if suppose f~^{x) G U for every i >0, fc®(/“*(x)) —>■ oo, 
which is a contradiction. 

The proof is complete. 

□ 

Because A/ is cm saturated, it is easy to check that the previous argu¬ 
ments for flow case still work, we conclude that h(f, Af) varies continuously 
respect to f G 14. For Rf,we will restate the proof by using its center stable 
leaves. 

Let us remark in the end that the method used in this paper for the proof 
of the continuity of the entropy can be generalized to other partially hyperbolic 
diffeomorphisms with the dimension of the center equal to one. The fact that we 
considered perturbations of time-one maps of Anosov flows made the arguments 
easier, but in fact all that is needed is that the expansion of different unstable disks 
of points from the non-wandering set are comparable, and this should be true under 
the assumption of non-expanding center, dynamical coherence, and some kind of 
‘weak’ transitivity for example. 
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